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THE HEREDITY AND BIMEROMORPHIC INVARIANCE OF THE
∂∂-LEMMA PROPERTY
LINGXU MENG
Abstract. We discuss the heredity and bimeromorphic invariance of the ∂∂-lemma prop-
erty and the most results here are actually contained in [11, 15, 3, 13]. In this expository
note, we will provide more details for the proofs of these results with the similar ideas to
[15, 13].
1. Introduction
In non-Ka¨hler geometry, the heredity and bimeromorphic invariance of the ∂∂-lemma
property are two interesting problems, extensively studied in [1, 3, 6, 7, 11, 13, 14, 15]
especially in the recent days. The ∂∂¯-lemma on a compact complex manifold X refers to
that for every pure-type d-closed form on X, the properties of d-exactness, ∂-exactness,
∂¯-exactness and ∂∂¯-exactness are equivalent while a compact complex manifold is called a
∂∂-manifold if the ∂∂¯-lemma holds on it.
Question 1.1 (Heredity). Does any closed complex submanifold of an n-dimensional ∂∂-
manifold still satisfy the ∂∂-lemma?
Question 1.2 (Bimeromorphic invariance). Does any compact complex manifold being bimero-
morphic to an n-dimensional ∂∂-manifold satisfy the ∂∂-lemma?
Clearly, the heredity is true for the ∂∂-manifolds of dimensions ≤ 2. The bimeromorphic
invariance holds true on complex surfaces by the classical results that each compact complex
surface with even first Betti number is Ka¨hler (see [5, 9] for a uniform proof) and the first
Betti number is a bimeromorphic invariant, while the case of threefolds was first proved by
S. Yang, and X.-D. Yang ([15]) by use of the Bott-Chern blow-up formula. The general case
is still open. For any nonnegative integer k ≤ n, we weaken Question 1.1 as
Question 1.3 (Heredity for codimension ≥ k). Does any closed complex submanifold of
codimension ≥ k of an n-dimensional ∂∂-manifolds still satisfy the ∂∂-lemma?
For convenience, Questions 1.1-1.3 are denoted by (Hn), (Bn) and (Hn,k), respectively.
Obviously, (Hn) = (Hn,0)⇔ (Hn,1) and if k1 ≤ k2, then (Hn,k1)⇒ (Hn,k2).
Recall that a compact complex manifold X is a ∂∂-manifold, if and only if, there exist
natural decompositions
HkdR(X,C) =
⊕
p+q=k
H
p,q
∂
(X), (1.1)
and
H
p,q
∂
(X) = Hq,p
∂
(X) (1.2)
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for all k, p, q, cf. [6, (5.21)]. Notice that (1.1) is not equivalent to, but not far from the
degeneracy of Fro¨licher spectral sequence of X at E1. S. Rao, S. Yang and X.-D. Yang
[11, Theorem 1.6] investigated the bimeromorphic invariance of this degeneracy by their
Dolbeault blow-up formula and pointed out that these results are applicable to Question
1.2 in the remarks after [11, Question 1.2]. Subsequently, their [12, Theorem 1.2] gave
an explicit expression of the isomorphism between Dolbeault cohomologies in the blow-up
formula and combined it with (1.1) (1.2) to implicitly obtain (Bn)⇔ (Hn,2) via Proposition
2.3 indeed. More recently, D. Angella, T. Suwa, N. Tardini and A. Tomassini [3] also studied
this equivalence by the C˘ech-Dolbeault cohomology and generalized their results to compact
complex orbifolds. In his PhD thesis, J. Stelzig [13, Corollary F] claimed that the ∂∂-lemma
property is a bimeromorphic invariant of compact complex manifolds if and only if every
submanifold of a ∂∂-manifold is again a ∂∂-manifold. Inspired by them, we will prove the
following theorem with more details.
Theorem 1.4. For any integer k ∈ {1, 2, · · · , n}, there holds the implication hierarchy
(Bn+k)⇒ (Hn+k,k+1)⇒ (Hn).
Moreover, (Hn,2)⇒ (Bn).
Acknowledgements. The author would like to express his sincere gratitude to Prof. Sheng
Rao, Song Yang and Xiang-Dong Yang for sending me their original manuscript on (Bn)⇔
(Hn,2) and explaining its details.
2. Preliminaries
For a compact complex manifold X of dimension n and k ∈ N, the k-th non-Ka¨hlerness
degree is defined as
∆k(X) =
∑
p+q=k
h
p,q
BC
(X) +
∑
p+q=2n−k
h
p,q
BC
(X)− 2bk(X),
where bk and h
p,q
BC
denote the k-Betti number and the (p, q)-Bott-Chern number, respectively.
Recall Angella-Tomassini’s characterization of a ∂∂-manifold:
Theorem 2.1 ([4, Theorems A and B]). Suppose that X is a compact complex manifold.
Then ∆k(X) ≥ 0 for any k ∈ N. Moreover, ∆k(X) = 0 for all k ∈ N, if and only if, X is a
∂∂-manifold.
A part of the following proposition was proved in [3] in a different way.
Proposition 2.2. Let P(E) be the projective bundle associated to a holomorphic vector bundle
E on a connected complex manifold X. Then P(E) is a ∂∂-manifold, if and only if, X is a
∂∂-manifold.
Proof. By Theorem 2.1, this proposition actually says that, ∆k(P(E)) = 0 for all k if and
only if ∆k(X) = 0 for all k. Set r = rankCE. By the projective bundle formulae of de Rham
cohomology [8, p. 606] and Bott-Chern cohomology [13, Proposition 4] [14, Corollary 12], we
have
bk(P(E)) =
r−1∑
i=0
bk−2i(X)
THE HEREDITY AND BIMEROMORPHIC INVARIANCE 3
for any k, and
h
p,q
BC
(P(E)) =
r−1∑
i=0
h
p−i,q−i
BC
(X)
for any p, q. So
∆k(P(E)) =
r−1∑
i=0
∆k−2i(X) (2.1)
for all k. Since ∆k(P(E)) and ∆k(X) are nonnegative for all k, we easily get the proposition
by (2.1). 
Let X˜ be the blow-up of a connected compact complex manifold X along a connected
complex submanifold Y of codimension r. S. Yang and X.-D. Yang [15, Theorem 1.2] and
J. Stelzig [13, Corollary 12, Theorem 23] [14, Proposition 4, Theorem 8] showed that there
exists an isomorphism
H
p,q
BC
(X) ⊕
r−1⊕
i=1
H
p−i,q−i
BC
(Y ) ∼= H
p,q
BC
(X˜), (2.2)
which was originally [11, Conjecture 1.9].
Proposition 2.3. Let X˜ be the blow-up of a connected complex manifold X along a connected
complex submanifold Y of codimension ≥ 2. Then X˜ is a ∂∂-manifold, if and only if, X and
Y are both ∂∂-manifolds.
Proof. By Theorem 2.1, we only need to show that, ∆k(X˜) = 0 for all k if and only if
∆k(X) = 0 and ∆k(Y ) = 0 for all k. Set r = codimCY . We have
bk(X˜) = bk(X) +
r−1∑
i=1
bk−2i(Y )
for all k, by [8, pp. 605-606] (or [10, Theorem 1.3]) and
h
p,q
BC
(X˜) = hp,q
BC
(X) +
r−1∑
i=1
h
p−i,q−i
BC
(Y )
for all p, q, by (2.2). So
∆k(X˜) = ∆k(X) +
r−1∑
i=1
∆k−2i(Y ) (2.3)
for all k. Theorem 2.1 implies that ∆k(X) and ∆k(Y ) are nonnegative for all k. So (2.3)
completes the proof of the proposition. 
Remark 2.4. Firstly, Rao-Yang-Yang [11, Theorem 1.6] [12, Theorem 1.2] understood Propo-
sition 2.3 from the viewpoint of the characterization (1.1)(1.2) for the ∂∂-lemma. Shortly,
Angella-Suwa-Tardini-Tomassini [3, Theorem 5] also considered it by use of the C˘ech-Dolbeault
cohomology under some additional assumption. Eventually, J. Stelzig wrote it out explicitly
in [13, Corollary 1.40]. The idea of the present proof by approach of non-Ka¨hlerness degree
was first used in [15].
As we know, the exceptional divisor for the blow-up X˜ of X along Y is biholomorphic to
the projective bundle of the normal bundle over Y in X. Combining Propositions 2.2 and
2.3, we easily get
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Corollary 2.5. Let X˜ be a blow-up of a connected complex manifold X along a smooth center
with the exceptional divisor E. Then X˜ is a ∂∂-manifold, if and only if, X and E are both
∂∂-manifolds.
3. A proof of Theorem 1.4
Proof. Here we just prove (Hn+k,k+1) ⇒ (Hn) and the others are the direct corollary of
Proposition 2.3 and the weak factorization theorem [2, Theorem 0.3.1].
Let X be a ∂∂-manifold and Y arbitrary closed complex submanifold of codimension ≥ 1
in X. Note that X ×CP k is the projective bundle associated to the trivial bundle X ×Ck+1
over X and thus satisfies the ∂∂-lemma by Proposition 2.2. Denote by {pt} a set consisting
of a single point in CP k. Then Y ∼= Y × {pt} has the codimension ≥ k + 1 in X ×CP k and
satisfies the ∂∂-lemma by (Hn+k,k+1).

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